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ABSTRACT 



Frequency response techniques are a valuable tool in 
the analysis and synthesis of linear systems. Extension 
of these techniques is made to analyze and design systems 
with a single-valued nonlinear element. The relationship 
between the characteristics of a nonlinear element and the 
frequency of the system is developed by simple calculations 
and a digital computer program. 
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I. 



INTRODUCTION 



Frequency response techniques are a valuable tool in 
the analysis and synthesis of linear systems. Reasons for 
this are, in part, the ease of presentation and manipula- 
tion of block diagrams and transfer functions, and in part, 
the ease of computation and interpretation of Bode diagrams 
and Nichol charts. It is therefore desirable to extend 
these techniques to include nonlinear systems. Block dia- 
grams with nonlinear elements can be handled with the 
addition of some new rules. Handling transfer functions 
that include nonlinearities presents more of a problem. 

The nonlinear element's characteristics must be described 
in terms of frequency so that they can be treated mathemat- 
ically with the linear part of the system. This thesis 
develops a technique which shows the relationship between 
the nonlinearity and the frequency response of the system. 
It then uses this relationship to perform analysis and 
synthesis of systems that contain nonlinearities. 

Several assumptions are made and some conditions must 
be satisfied. The most important condition is that the 
nonlinearity be a single-valued nonlinearity. A single- 
valued nonlinearity is one that for any given input has 
only one output. This condition eliminates elements such 
as backlash, negative deficiency, two-position relay, relay 
with hysteresis, etc. By making this condition, a 
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single-valued nonlinearity can be expressed as a variable 
gain device, with the gain a function of the signal into 
the device. 

Two other main conditions are required. The first is 
the condition that the input to the system be a pure sine 
wave of constant amplitude,. The second condition is that 
the input signal to the nonlinear component is a pure sine 
wave. 

In order to describe the nonlinearity as a function of 
frequency, it must first be described as a variable gain 
device. This gain is a function of the signal amplitude 
into the element. Using the PARAMS program, a plot of the 
gain versus the signal amplitude can be made. Each curve 
in the resulting family is for a fixed frequency. With 
this plot the gain can be described as a function of fre- 
quency. Using this relationship between gain and frequency, 
the analysis can be completed on a frequency response plot 
with constant gain curves. 

The analysis and synthesis techniques use the PARAMS 
program (reproduced in the computer print-out section) to 
make two types of plots. The first type of plot is a plot 
of nonlinear gain versus the signal amplitude into the non- 
linear element with constant frequency. The second type of 
plot is a plot of the magnitude (or phase) of the open or 
closed loop function versus frequency. Each curve in the 
family is for a fixed value of gain for the nonlinear 
element. 
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A brief description of the operation of the PARAMS pro- 
gram is presented below. Let a transfer function be repre- 
sented by. 



T(s) = MjlL 

TtS} D(s) 



( 1 . 1 ) 



Where N(s) is of the form A +A. s+A„s^+« ♦ * A . s n A s n 

o 1 2 n-1 n 

and D(s) is of the form B +B. s+B 0 s^+* • * B . s m ^+B s m . 
x ' o 1 2 m-1 m 

Each A^. and B^ can be represented by. 



A k = C k + V* + E k^ + F k°^ 

‘’k = ®k + V + V + V* 



(1.2a) 



(1.2b) 



Where Ot and $ are two variable parameters of the 
system. T(s) can be represented by, 

N (s) + N (s) 



T(s) = 



D e ( s ) + D q (s) 



(1.3a) 



and T(-s) by. 



T(-s) = 



N e (s) 



- N q (s) 



D e (s) 



- D o (s > 



(1.3b) 



Where N (s) is the even order terms of the numerator 
e x 

of T(s), N q (s) is the odd order terms of the numerator of 
T(s), D e (s) is the even order terms of the denominator of 
T(s), and D q (s) is the odd order terms of the denominator 
of T(s) . 
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